Introduction and background
This is a translation of Leonhard Euler's "De numeris amicabilibus" ("On amicable numbers"), which was originally published in 1747 in [Eul47] , in Latin, which we also use as our source. This is E100 in the Eneström index [Ene13] .
The paper investigates amicable numbers, which are numbers where the sum of the aliquot parts (proper divisors specifically including 1) of each is equal to the other. Euler explains why amicable numbers are interesting for mathematical research, specifically mentioning how study in this area can make people better mathematicians in general, particularly for more "applied" subjects such as analysis. He discusses the earlier work that has been done on amicable numbers by Descartes (who found the amicable pair 9363584 and 9437056) and van Schooten, who, according to E.C. Sandifer in [San04] had developed combinatorial principles of counting that he used to produce Descartes' amicable pair and an amicable pair found earlier by Fermat (17296 and 18416). Sandifer notes though, that van Schooten's method was a dead end and could not be used to find other pairs, and so may only have interested Euler because it produced two different amicable pairs by a general rule. Euler then gives a general rule for finding pairs of amicable numbers (that one number is of the form 2 n xy and the other 2 n z, with x, y prime, z = xy + x + y, with x and y chosen such that z prime), noting that it is not exhaustive. We find in [Dic66] that this method is similar to an earlier result by the Arab mathematician Thâbit ibn Kurrah in the 12th century, although Euler does not seem to have been aware of it, and Euler's result is stronger. He finally lists 30 notable pairs of amicable numbers, some which are made by his rule and some of which are not. (I've checked these numbers, and his 13-th amicable pair seems to be wrong, but the rest all seem to be correct.)
It seems that before Euler's results here, the pair of 220 and 284 by Pythagoras, and Fermat's and Descartes' pairs were the only amicable pairs known to European mathematicians.
De numeris amicabilibus
At this time when analysis is uncovering the approach to many profound areas in mathematics, still, there is a problem for study that is highly related to the nature and properties of numbers, which has been ignored by most geometers. Indeed, the investigation of numbers is considered by many to add nothing to analysis. But to be sure, the study of numbers in many cases requires much more insight than the subtlest of geometric questions; for this reason, arithmetic questions are seen to have been neglected unjustly. By helping to develop mathematical insight, the love of numbers in and of themselves has given much back to analysis, with much work and study coming from them, and they should not be thought to be unworthy. I understand that even Descartes, with his great and wide knowledge, and who was overtaken by the contemplation of mathematics, was however not equal to overcoming the problem of amicable numbers. After him, much work was accomplished by van Schooten, with extensive study. Two numbers are called amicable numbers if the aliquot divisors of the one summed together produce the other; of this type are the numbers 220 and 284. Of the first, 220, its aliquot parts, that is its proper divisors, are 1+2+4+5+10+11+20+22+44+55+110, whose sum produces 284: and in this way the aliquot parts of the number 284, 1+2+4+71+142, in turn produce 220. There is no doubt that aside from these two numbers many others, and even infinitely many could be given which have this same property; however, neither Descartes or after him van Schooten were able to find more than three of these numbers, and they were not equal to this study although they are seen to have been very devoted to tackling this. There is a method which can be used to generate both numbers in a pair of amicable numbers, so that without much work amicable numbers are able to be found; for this, the numbers are assumed to be contained in the formulas 2 n xy and 2 n z, where x,y and z denote prime numbers; it is also required for them to be set such that z = xy + x + y is prime, and then it would in fact follow that 2
n (x + y + 2) = xy + x + y + 1. Therefore for the successive different values that the exponents n take, for each, prime numbers x and y are searched for such that xy + x + y makes a prime number, and then the formulas 2 n xy and 2 n z produce amicable numbers. It is easily seen that as the exponents procede to larger n, soon the numbers xy + x + y will have reached such a size that, it will be impossible to discern whether or not they are both prime, with the table of prime numbers not having been extended beyond 1,000,000.
Clearly we should not lightly put aside the question of whether all the amicable numbers can assumed to be included in these formulas. I have carefully assessed this, and not calling on any tricks, but only using the nature of division, I have obtained many other pairs of amicable numbers, of which I relate 30 notable pairs here; so that their origin and nature would be clearly seen, I express them through their factors. Consequently, these amicable numbers are:
